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^ ! Abstract 

We critically examine a version of the top mode standard model recently 
cast in extra dimensions by Arkani-Hamed, Cheng, Dobrescu, and Hall, based 
on the (improved) ladder Schwinger-Dyson (SD) equation for the D-(= 6,8-)- 
dimensional gauge theories. We find that the bulk QCD cannot have larger cou- 
pling beyond the non-trivial ultraviolet (UV) fixed point, the existence of which is 
supported by a recent lattice analysis. The coupling strength at the fixed point is 
evaluated by using the one-loop renormalization group equation. It is then found 
that, in a version with only the third family (as well as the gauge bosons) living in 
the D-dimensional bulk, the critical (dimensionless) coupling for dynamical chiral 
symmetry breaking to occur is larger than the UV fixed point of the bulk QCD 
coupling for D = 6, while smaller for D = 8. We further find that the improved 
ladder SD equation in D dimensions has an approximate scale-invariance due to 
the running of the coupling and hence has an essential-singularity scaling of the 
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"conformal phase transition," similar to Miransky scaling in the four-dimensional 
ladder SD equation with a nonrunning coupling. This essential-singularity scal- 
ing can resolve the fine-tuning even when the cutoff ("string scale") is large. Such 
a theory has a large anomalous dimension j m = D/2 — 1 and is expected to be 
free from the flavor-changing-neutral-current problem as in walking technicolor 
for D = 4. Furthermore, the induced bulk Yukawa coupling becomes finite even 
at infinite cutoff limit (in the formal sense) , similarly to the renormalizability of 
the gauged Nambu-Jona-Lasinio model. Comments are made on the use of the 
"effective" coupling, which includes finite renormalization effects, instead of the 
MS running coupling in the improved ladder SD equation. 
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1 Introduction 



The top quark condensate proposed by Miransky, Tanabashi and Yamawaki (MTY) |T], 
|2| and by Nambu || independently is a natural idea to account for the large mass of 
the top quark (t) on the weak-scale order in contrast with other quarks and leptons. 
The Higgs boson in the standard model (SM) emerges as a it bound state and hence 
is closely connected with the top quark itself. Thus the model may be called the "top 
mode standard model (TMSM)" §. 

Actually, MTY introduced explicit four-fermion interactions ^[ 



■1/ 
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gSM 2 + g b ^ L b R ) 2 + g (2) e l ^ l (^ R )^ k M + h.c.l , (l.l) 



with k, I) = t,b for top and bottom quarks, where g t , g^ are dimensionless four- 
fermion couplings, A is the cutoff, and N c is the number of colors, and similarly for 
leptons as well as the first and second generations of quarks and leptons. While g t is 
responsible for the top mass, the g^ coupling is vital to the generation of the bottom 
mass without the problem of the axion. MTY further gave a concrete formulation 
based on the (improved) ladder Schwinger- Dyson (SD) equation for the QCD plus 
the four-fermion interaction (|1 . 1|) , the gauged Nambu- Jona-Lasinio (NJL) model, and 
found that when 

gt > g C rit > gb (1-2) 

only the top quark can condense, giving rise to the large top mass, while the bottom 
quark is kept massless, where g crit is the critical coupling of the SD equation. As to 
the value of the top mass, MTY substituted the solution of the (improved) ladder 
SD equation into the Pagels-Stokar (PS) formula |3J for F n = 250 GeV and predicted 
m t ~ 250GeV for the cutoff near the Planck scale Jl|. [2|]. 

The model was further formulated in an elegant fashion by Bardeen, Hill, and 
Lindner (BHL) 0] in the SM language, based on the renormalization-group equation 
(RGE) and the compositeness condition. This essentially incorporates 1/N C subleading 
effects disregarded by the MTY paper. The BHL model is in fact equivalent to the 
MTY model at 1/N C leading order ||. Such l/iV c -subleading effects reduced the above 
MTY value 250 GeV to 220 GeV, a somewhat smaller value but still on the order of 
the weak scale. Even this value, however, turned out to be a bit larger than the mass 
of the top quark observed later . 

Quite recently, Arkani-Hamed, Cheng, Dobrescu, and Hall (ACDH) [[7] proposed a 
very interesting version of the TMSM in six and eight dimensions, in which the third 
family fermion and the gauge bosons are put in the D-{= 6, 8-)-dimensional bulk, while 
the first and second families are in the four-dimensional brane (3-brane). The model 
is largely based on the earlier papers H, Of, which, motivated by the topcolor JTD 



and the top-seesaw model |]n}| , proposed formulating the top quark condensate in the 



extra dimensions in the spirit of large scale compactification scenarios [0, [13|] . ACDH 



argued that the D-dimensional SM gauge couplings become strong due to Kaluza-Klein 
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(KK) modes of the standard model gauge bosons and hence may naturally give rise 
to the effective four-fermion interactions in D- dimensional bulk which have the same 



structure as Eq.(|l.l|), with g t > g crit > the situation similar to the original TMSM, 
Eq.(|1.2|). [] Moreover they argued that the top mass can be arranged to be a realistic 
value due to the effects of many KK modes of top quark even for the TeV scale cutoff, 
thus the model may be free from serious fine tuning as compared with the original 
TMSM having the cutoff near the Planck scale. 

However, ACDH gave no dynamical arguments on whether dynamical symmetry 
breaking really takes place or not in their model. They made an ansatz that bulk 
strong gauge dynamics in the ultraviolet region near the cutoff ("string scale") can 
well be simulated by the D-dimensional bulk four-fermion couplings characterized by 
the cutoff scale. They then calculated the relative strength of the bulk attractive forces 



among various channels based on the most attractive channel (MAC) hypothesis [16 
and argued that only the top coupling can be arranged to be above the critical coupling 
like Eq. (|1.2|) in the original mechanism of MTY. However, this would make sense only 
when these four-fermion couplings were near the critical coupling, the situation being 
what they simply assumed. In fact, there is no information on the strength of the 
bulk effective four-fermion couplings, which cannot be related in any definite manner 
to the bulk gauge coupling, while the latter is calculable through matching with the 



low-energy SM coupling in four dimensions (3-brane) at the compactification scale [17 

In this paper, we shall study the dynamical issues of the ACDH version of the 
TMSM, based on the (improved) ladder SD equation for the gauge theories in the 
bulk D (= 6,8) dimensions. As in ACDH ]7||, we here assume that the bulk anomaly 
may be cancelled by some stringy arguments like the Green-Schwarz mechanism. Then 
we present explicit solutions for the dynamical chiral symmetry breaking (D^SB) for 
D dimensions with their implications on the ACDH scenario and reveal some salient 
features of this dynamics for D dimensions. 

We first discuss a nontrivial ultraviolet (UV) fixed point in the one- loop renormalization- 



group equation of the "truncated KK" effective theory [[17] of .D-dimensional non- 
Abelian gauge theories with compactified extra dimensions, in a manner similar to the 
analysis of D = 4 + e (0 < e <C 1) gauge theories. Although such a fixed point cannot 
be justified for e ~ 0(1) within the perturbative analysis, its existence is supported 



by a recent lattice calculation^]. Assuming the nonperturbative existence of such a 
fixed point, we then evaluate the gauge coupling strength at the fixed point by using 
the one-loop RGE which was actually adopted by ACDH for their prediction of the top 
quark mass. In the bulk SM, QCD is the only non-Abelian gauge theory relevant to 
the D^SB. We then observe that the D-dimensional bulk QCD coupling cannot grow 
over the fixed point value, since at a certain compactification scale we match the bulk 
QCD coupling with the 3-brane QCD coupling, which is obviously small, and hence the 
phase must be in the weak coupling regime below the fixed point. The QCD coupling 



1 The previous studies in extra dimensions |g, [m) were focused on the four-fermion interactions 
in the 3-brane in contrast to those in the ACDH model which are in the D-dimensional bulk IM \L5\. 
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for the ACDH version of the TMSM for D = 6, 8 is actually evaluated by the truncated 
KK effective theory. 

We next study the dynamical symmetry breaking in .D-dimensional gauge theories, 



based on the improved ladder SD equation [181, with the Z)-dimensional bulk gauge 



coupling in the ladder SD equation being simply replaced by the [modified minimal 
subtraction scheme MS] one-loop running coupling. Actually, in .D-dimensional gauge 
theories for both the fermion and the gauge bosons living in the .D-dimensional bulk, 
with the extra dimensions being compactified, dynamical symmetry breaking can be 
triggered only by the dynamics in the ultraviolet region where the gauge coupling be- 
comes strong, and hence can be well described by the D -dimensional improved ladder 
SD equation, with massless gauge bosons in the D -dimensional bulk, irrespectively of 
details of the infrared dynamics of the compactification scale. 

It is then found that, for the simplest version of the ACDH scenario with only the 
third family (as well as the gauge bosons) living in the bulk, the UV fixed point of the 
bulk QCD coupling is smaller than the critical coupling for dynamical chiral symmetry 
breaking to occur for D = 6, while the situation is reversed for D — 8. That is the 
dynamical symmetry breaking due to the bulk QCD dynamics cannot take place in six 
dimensions and can in eight dimensions for the simplest ACDH version of the TMSM. 

Remarkably enough, the improved ladder SD equation with running coupling has 
an approximately scale-invariant form in D dimensions and thus the scaling law is 
the essential-singularity type of u conformal phase transition" [TBI similar to Miransky 



scaling in the four- dimensional ladder SD equation with nonrunning coupling |[20|| . 
Moreover, it has a large anomalous dimension 7 m = D/2 — 1 near the fixed point and 
hence has a chance to solve the flavor-changing-neutral current problem as in walking 
technicolor for D = 4 |21[| . 

This corresponds to a slowly damping mass function that still yields finiteness of 
the bulk decay constant and hence of the induced bulk Yukawa coupling even 
in the limit of infinite cutoff (in the formal sense). Such a situation is similar to the 
renormalizability of the gauged NJL model in four dimensions [^ . 



We also comment that, instead of the MS running coupling in the improved lad- 
der SD equation, we may use the "effective" coupling including finite renormalization 
effects. Unlike MS coupling, the "effective" gauge coupling includes the effects of KK 
modes heavier than the renormalization scale. It is shown that the decoupling theorem 
is violated in the "effective" gauge coupling due to the summation of the large number 
of KK modes. Nevertheless, we find an upper bound on the effective gauge coupling 
strength, which is roughly proportional to the UV fixed point in the MS scheme. We 
also show that the upper bound of the "effective" gauge coupling can be regarded 
as a UV fixed point of "bare gauge coupling." Our results are therefore unchanged 
qualitatively even if we adopt the "effective" coupling instead of MS. 

It should be emphasized, however, that finite renormalization can affect our quan- 
titative results, such as the value of the critical coupling. The effective coupling tends 
to be stronger than MS coupling and hence there appears the possibility that bulk 
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SM couplings could lead to the top quark condensate in the manner of Eq. ( |1.2| ) under 
certain conditions even for D = 6 in the simplest ACDH version of the TMSM. 

The paper is organized as follows. In Section 2 we discuss the existence of the 
nontrivial UV fixed point in D-[= (4 + e)-]-dimensional non-Abelian gauge theories in 
the e expansion. Then we show the nontrivial UV fixed point in the D-[= (4 + 8)- 
]-dimensional non-Abelian gauge theories with the extra 5 (= 2, 4) dimensions com- 
pactified. The value of the UV fixed point for the ACDH version of the TMSM is 
evaluated for D = 6, 8 based on the truncated KK effective theory. We then give a 
rough argument why the "strong" bulk QCD coupling may not necessarily give rise 
to the condensate, based on a naive dimensional analysis (NDA) [FJ^, [24]| . In Section 
3 we derive the D-dimensional ladder SD equation, and also the improved ladder SD 
equation. In Section 4 we find numerically the critical values for D%SB to occur for 
D = 6, 8, which are compared with those of the ACDH couplings estimated in Sec- 
tion 2. The analytical solution is also obtained in further approximation, and shows 
essential-singular-type scaling. In Section 5 we analyze the operator product expansion 
(OPE) for the fermion propagator and identify the anomalous dimension, which is then 
calculated to be 7 m = D/2 — 1. In Section 6 the chiral fermion through the orbifold 
projection into the 3-brane is studied in some detail. In Section 7 we discuss use of 
the effective coupling instead of the MS running coupling in the improved ladder SD 
equation. Section 8 is devoted to the summary and discussion. Appendix A contains 
formulas for the angular integration of the ladder SD equation, which is a generaliza- 
tion of the previous result [25] to arbitrary (noninteger) D dimensions. Appendix B 
shows a gap equation of the NJL-type four- fermion model in D (> 4) dimensions, in 
which the scaling law is l/g cr i t — l/g ~ (m/A) 2 , essentially the same (up to logarithms) 
as the NJL model for D = 4, in sharp contrast to the case of D < 4 where the scaling 
law is given by l/g c nt ~ ^-/g ~ (m/A) D_2 [p6 |. Appendix C is for the approximation 
to the effective coupling discussed in Section 7. 



2 Existence of ultraviolet fixed point 

In order to illustrate the existence of the nontrivial ultraviolet fixed point of the gauge 
theory in more than four dimensions, we start with a brief review of the gauge dynamics 
in D (= 4 + e, < e <C 1) dimensions |^]J (e expansion). 

The one-loop renormalization-group equation of the gauge coupling is given by 

d e b(D , 

where g is the dimensionless gauge coupling scaled by a renormalization scale \x: 

9d = -4, (2.2) 
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with gr, being the gauge coupling in D (= 4 + e) dimensions and of mass dimension 
— e/2. Hereafter we assume that the renormalizat ion-group coefficient 6m is negative, 
6(1) < 0. From Eq. ( |2.1| ), the renormalization-group flow of the dimensionless coupling 
g is given by 

$V) = , ,w : ^ F r^TT- (2-3) 



'(A _± 2 6 (1) 

$V) e(4vr) 2 
We then find an ultraviolet (// — >■ oo) fixed point 




2 v .2/ \ e (^y 

9. = p*9M = ^ 



(2-4) 



It should be emphasized that e is considered to be small here and therefore the fixed 
point g\ oc e is still in its perturbative regime. It is straightforward to extend the 
analysis to include higher-loop effects. The UV fixed point in the two-loop RGE, 



d A 
djj, 



9 + (A 
2 (47T 



(4tt 



4i/ 



(2.5) 



is given in terms of the e expansion, 

, (*r) 2 



(1) 



-6 (1) 2 V~ ' 6?^ 2 



(2.6) 



The two-loop effect, 6(2) term affects the coefficient of e 2 , keeping the coefficient of 
e 1 unchanged. In fact, the n-loop effect can be regarded as an 0(e n ) effect in the e 
expansion. The perturbative stability of the fixed point g* is thus guaranteed in the 
D-[= (4 + e)-]-dimensional gauge theories. We also note that the coefficients 6(i) and 
6( 2 ) are both negative in QCD with Nf < 8. The two-loop UV fixed point Eq. ( |2.6|) is 
thus smaller than the one- loop estimate Eq. ( |2.4p . 

Hence we expect that there exist (at least) two phases separated by the fixed point 
g* in this theory. The weakly interacting phase g < g* can be controlled perturbatively. 
It is therefore considered to be in the Coulomb phase and the chiral symmetry is not 
broken in this phase. On the other hand, the theory becomes strongly interacting 
in the low-energy region in the phase g > g*. It is therefore expected to be in the 
confinement phase and the chiral symmetry is expected to be broken dynamically. 

Although the existence of such a fixed point for larger e ~ 0(1) cannot be justified 
within perturbative analysis, recent analysis based on the lattice gauge theory p8[ 
suggests that the fixed point structure described above holds even at larger (integer) 
values of e, if the extra dimensions are compactified in a short distance.^ Actually, as 

2 There still exists nontrivial phase structure even in the case of noncompactificd extra dimensions. 
However, the phase transition is shown to be first order [ p9[ and we cannot obtain hierarchy between 
the cutoff scale and the low-energy scales. 
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we will see in the following, there exists a close correspondence between the RGEs of 
e< 1 and of the compactified extra dimensions even within the perturbative approach. 

Now we evaluate the nontrivial UV fixed point of the gauge theory in D (= 4 + 8) 
dimensions where the extra S dimensions are compactified. In this case we need to deal 
with an infinite number of KK modes above the compactification scale R~ x . However, 
the KK modes heavier than the renormalization scale \i are actually decoupled in the 
RGE. We only need to sum up the loops of KK modes lighter than /i. This approach 



is called "truncated KK" effective theory [17]. The theory can be fully controlled in 
this truncated KK effective theory. 

The RGE of the gauge coupling (g) on the 3-brane is given by 

(47r) 2 /i^ = N KK b'g 3 (2.7) 
djj 

in the truncated KK effective theory. Here Nkk stands for the number of KK modes 
below the renormalization scale \x. The RGE factor b' is given by 

26 -D rj 
V = q @G + jT R N f , (2.8) 

where rj represents the dimension of the spinor representation of 5*0(1, D — 1), 

77 = tr r l = 2 D/2 for even D, (2.9) 

and Nf is the number of fermions in the bulk. The group-theoretical factors Cq and 
Tr are given by Gq = N and Tr = 1/2 for SU(N) gauge theory. 
For sufficiently large \i 3> -R -1 , A^k is estimated as [Hj 



1 S/2 

where we have assumed that the extra dimensions are compactified to an orbifold T s /Z n 
with Z n being a discrete group with order of n. 

The gauge coupling on the 3-brane can be related to the gauge coupling in the D- 
dimensional bulk g^ as g 2 D = (27iR) s g 2 /n. Thus the dimensionless bulk gauge coupling 
g can be defined following Eq. (|2.2|): 

g 2 = V t^Lg\ (2.11) 

n 

Substituting Eq. ( |2.11| ) into Eq. (|2.7|), we obtain 

d 6 

= + (1 + 5/2)^nda^ 3 , (2.12) 
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with ^nda being the loop factor in the NDA [E3|, [24| : 



fi NDA = — I , D = 4 + 5. (2.13) 

It is interesting to note a similarity between Eq. (|2.1| ) and Eq. ( |2.12|) : The factor e in 
the e expansion corresponds to 5 in the truncated KK effective theory with the simple 
replacement of 6/(47r) 2 by (1 + 5/2)f2 NDA 6'. 
The RGE Eq. ( p . 1 2 ) can easily be solved as 





1 ) ^NDA^' 




(2.14) 



Thus, we find a nontrivial UV fixed point 

^NDA = r • (2.15) 

It should be noted that the coupling g 2 in Eq. ( |2.14j ) grows very quickly close to the 
value of the fixed point. 

In the ACDH scenario J7| of the TMSM, the top quark interaction responsible for 
the dynamical electroweak symmetry breaking is assumed to come (mainly) from the 
bulk QCD interaction. On the other hand, the low-energy QCD coupling in the 3-brane 
is obviously well below its fixed point. [g 2 /g 2 — 1.83ct/ri (0.72a jn) with a = g 2 /(47r) 
for D = 6 (D = 8) at fi = Br 1 . ] Thus, Eq. (|2.15|) can be regarded as the upper 
bound of the dimensionless coupling of the bulk QCD. In fact, in the ACDH scenario 
for D = 6 the upper bound of the dimensionless QCD coupling is given by 

C F g 2 n NDA < C F g 2 n NDA ~ 0.09, (2.16) 

where we have used 5 = 2, 77 = 8, CV = 4/3, Cq = 3, and Nf = 2 in Eqs. (|2.8j ) and 
( |2.15| ). Even though the value of g* can be affected by the higher- loop effects, it is pro- 
portional to !/(—&') for sufficiently large —b'.f\ Equation ( |2.16| ) implies that, although 



the bulk QCD coupling is generally expected to become "strong" in the region beyond 
the compactification scale, it is actually not so strong as to make the perturbative 
expansion totally useless. Moreover, an analysis similar to Eq. (|2.6|) indicates that the 
value of g>* of the bulk QCD with 8 = 2 and Nf = 2 tends to be decreased by taking 

3 It should be emphasized, however, that the higher-loop effects cannot be made arbitrarily small 
even in the large —b' (> 0) limit. Equation ( |2.8[ ) shows that large —b' corresponds to large Cq (and 
small Nf) with Cq = N for SU(N) gauge theory. The typical size of the n-loop effect at the fixed 
point is thus of order (JV^Qnda)" ~ [N/{-b')] n ~ [6/(26 - D)] n even in the large N limit. 



9 



Figure 1: Feynman diagram of the SD equation in the ladder approximation. Solid 
lines with and without a blob represent dressed and bare propagators of fermions [S(p), 
So(p)], respectively. The gauge boson-propagator (Dmn) is denoted by a wavy line. 



into account the two-loop effects. The estimate Eq. (|2.16|) can thus be regarded as a 
conservative one, although we expect sizable higher-loop uncertainty in our estimate. 

It is therefore quite nontrivial whether bulk QCD can be strong enough to trigger 
dynamical electroweak symmetry breaking. Before starting a detailed analysis, it would 



be helpful to give a simpler discussion from the viewpoint of the NDA [^, 2J] and 
MAC [|l6j, which leads to the condition for the dynamical symmetry breaking to take 
place 

C F g 2 n NDA >l, (2.17) 

where ^nda comes from the loop suppression factor of NDA and Cp is the quadratic 
Casimir of the fundamental representation, which is from the MAC assumption. Hence 
Eq. ( |2.16|) suggests that bulk QCD may not be enough to induce dynamical electroweak 



symmetry breaking in the ACDH scenario in six dimensions. 

However, the present analysis might be too simple minded. In the following sections 
we will investigate this issue using the SD gap equation within the improved ladder 
approximation. 



3 Improved ladder Schwinger-Dyson equation 
3.1 Ladder SD equation 

We next investigate the condition for the chiral symmetry to break dynamically in 
gauge theories in dimensions D > 4. The dimensions of the space-time D need to be 
even in order that the chiral symmetry is defined in the bulk. Since the electroweak 
symmetry is a chiral symmetry, the condition studied in this section can be regarded 
as the condition for dynamical electroweak symmetry breaking in the bulk. 

Bulk D^SB in gauge theories with extra dimensions is considered as a nonper- 
turbative effect of the high-energy region @ where the SM gauge couplings in the 
D- dimensional bulk become strong. We therefore neglect the infrared dynamics due to 
the finite size effects of extra dimensions in the following. 

The D-dimensional ladder SD equation for the fermion propagator is given by Fig. [I]. 
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f d D q 


-ig D T a T M ~ 


S{q) 


-ig D T a T N ' 


1 (27l) D i 









It then reads 

iS-\p) = iSu\p) + 



where S and So denote dressed and bare propagators of the fermion, respectively. 
Within the ladder approximation, the gauge boson propagator Dmn is approximated 
at the tree level by the form 



d M n(p - q) 



—i 



(p-qY 



9mn - (1 -0 



ip - q)hi{p - q) 



N 



(p - qY 



(3.2) 



with £ being a gauge-fixing parameter. We also indicate the the gamma matrix of 
SO(l,D-l) by V M 



{r M ,r v } = 2 9 



AIN 



M,N — 0,1,2,3,5, •••,£>. 



(3.3) 



Since we are dealing with D^SB in the bulk, we take the bare propagator of the 
fermion in D dimensions to be massless, ISq (p) = j>. The dressed propagator S may 
be written as 

iS-\p) = A(-p 2 ¥ " B(-p 2 ). (3.4) 
Then Eq. (|3.1|) leads to coupled SD equations after Wick rotation: 



A(p 2 e ) 



1 + 



C F g 2 D fd D q E A(q E ) 



p% J(2tt) u AYe + B 



_(3 _ D - g) PE ' qE + 2(1 - t) PE ' ( PE ~ qE ^ qE ' ( PE ~ QE ^ 



B(P 2 E ) 



(D-l + Z)C F g* D J- 



(Pe ~ qsY 

d D q E B{q 2 E ) 



(Pe ~ qs) 



(27r) D A 2 q 2 E + B 2 (p E -q E ) 



2 ■ 



(3.5) 
(3.6) 



where p E and q E denote the Euclidean momenta p\ = — p 2 , q 2 E = —q 2 , respectively. 
Performing the angular integrals in Eq. (|3.5|) and Eq. (|3.6|), we find 



A(x) 



D-2 o F 

1 + 2 — £^NDA 

D x Jo 



A2y + B2 K A (x,y), 



B(x) = (D-1+O^ndaCV / A dyy 

Jo 



D/2-i 9 2 D B{y) 



A2y + B ^B(x,y), 



(3.7) 
(3.8) 



with x = p 2 E , y = q E , where we have introduced the ultraviolet cutoff A, which is 
believed to have physical meaning such as the string scale in this class of models with 
extra dimensions. 
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The integral kernels Ka and Kb are given in Ref. 



P51 



and are explicitly written as 



for D = 4, 



K A (x,y) = V -6(x-y) + {x^y), (3.9) 
x 

K B (x,y) = -0(x-y) + (x~y) (3.10) 
x 



K A {x,y) = l(l-^je( x -y) + (x^y), (3.11) 
K B {x,y) = *(l-l-)e(x-y) + (x++y) (3.12) 



for D = 6, and 



4y 




5x 


hx 2 ) 


V 

— -\ 


y 2 


2x 


10x 2 



x V 3x 

(3.13) 

= ^l-^ + ^l^-yJ + Cx^y) (3.14) 

for D = 8. (See Appendix [A] for details.) 

Hereafter, we will use the Landau gauge £ = in which the wave function renor- 
malization is absent [A(x) = 1] within the ladder approximation. 

3.2 Improved ladder SD equation 

It should be recalled here that we have so far neglected effects of the running of the 
gauge coupling. The powerlike behavior of the running coupling makes its effects 
extremely important, however. In the analysis of D^SB in four-dimensional gauge 
theories, a widely used approximation is the so-called "improved" ladder approxima- 
tion [18], in which the renormalization point fi 2 of the running coupling constant in 
the SD equation is replaced by max(p E ,q%). This is a successful approximation for 
explaining properties of low energy QCD phenomenology. In the following analysis 
we adopt the improved ladder approximation and replace the gauge coupling g 2 D in 
Eq. (PD by 



9d fo(Ps, 9s) = : 2 W2 g(bg[ - Ifel) + 2 g/2 g(|gg| - (3.15) 



As we discussed in Section the UV fixed point g* plays the role of the upper 
bound of g in the ACDH scenario of the TMSM. We also note that the dimensionless 
bulk gauge coupling g in Eq. (|2.14|) approaches its fixed point very quickly for // > 1/R 
due to its power-law running and hence is near the fixed point value over a wide range of 
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the momentum in the integral of the SD equation. For determination of the condition 
of the bulk D^SB, it is therefore sufficient to investigate the SD equation with the 
coupling just on the UV fixed point: 



A 2 



B(x) = (D-1)k d I dyy^ 1 B{v) ^ imp 



with 



y + B\y) 
C F 



D — A 



+ 1 



6 3 1 



(3.16) 



(3.17) 



where we have used Eqs. ( |2.8| ) and ( |2.15| ), and K™ p is given by 

y_ 

3.r 



K™ p (x, y) = ^1 - ^- ) lH.r - I/} - (,c — //) for D = 6 



and 



KTi^y) = Afl-f + ' r 



2x 10x 2 



Q{x — y) + (x «-> y) for D = 8. 



(3.18) 



(3.19) 



Since the extra dimensions are compactified below the scale 1/R, we have introduced 
the infrared (IR) cutoff Mq in Eq. ( |3.16| ). However, the bulk D\SB becomes insensitive 



to Mq for large A as we will show in the next section. It is to be noted that the 
resulting improved ladder SD equation with running coupling in Eq. ( |3.16| ) is a scale- 
invariant form, similar to the ladder SD equation with constant gauge coupling in four 
dimensions. 

We note that, in the improved ladder SD equation Eq. ( |3.16| ), the k d defined by 
Eq. ( |3.17| ) plays the role of a "coupling." It can be shown that there exists a critical 
kd above which D^SB takes place for sufficiently large A in the bulk. 



4 Analysis of the improved ladder SD equation 



4.1 Numerical study 

The aim of this section is to determine the critical kd (and the scaling behavior around 
k™ 1 ) by solving the SD equation Eq. ( |3.16| ) in a numerical method. 

Let us start with the case D = 6 and consider a discretized version of Eq. ( |3.16 ): 



B, = 5k 6 

J=l *j T ^3 

with i, j being integer indices and 



I A 



XjBj 



3xi 



j=i 



+i x j + Bj 



x i 

3xj / 



(4.1) 



M 2 exp 



j -I A 

In — tj 

M 2 j 



i A - 1 



B{x 3 ). 



(4.2) 
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Figure 2: The scaling behavior in six dimensions. The lines from right to left are 
graphs for A 2 /M 2 = 10 3 , 10 4 , 10 5 , 10 6 , 10 10 , respectively. 



In order to solve the discretized SD equation Eq.( [4.1|) , a series is defined by a 
recursion relation, 



B 



(n+l) 



5k 6 



J2 

3=1 X 3 + ( B 



(») 



X .: 



(n)^ 2 x f 



X j 

3xi 



-i Xj + (Bj ) 



3=1+1 



3xj t 



(4.3) 



and the initial condition 



B 



(n=0) 



for j = 1,2, ... ,i A . 



(4.4) 



For sufficiently large n, the series B^ is numerically shown to converge to a certain 
Bj, which is nothing but the solution of the SD equation Eq.( |4.1| ). It is also confirmed 
that the solution is insensitive to the value of i\, if i\ is taken to be large enough. 

Figure |2| shows the scaling behavior of the order parameter of D^SB, B(M ) = -B J= i, 
near the critical Kq. We find 

nf l ~ 0.122. (4.5) 

On the other hand, the of the ACDH scenario with D = 6 (QCD with two flavor 
fermions in the bulk) can be calculated from Eq. ( |3.17| ). We find 



ACDH 
6 



1 

11 



0.091, 



(4.6) 
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Figure 3: The scaling behavior in eight dimensions. The lines from right to left are 
graphs for A 2 /M 2 = 10 3 , 10 4 , 10 5 , 10 6 , 10 10 , respectively. 



where we have used Cp = 4/3, Cq = 3, Nf = 2, and r] — 8. Note that this is the upper 
bound of the bulk QCD coupling. We therefore conclude that the simplest version of 
the ACDH scenario does not work properly in D = 6 dimensions within the improved 
ladder approximation. 

A similar analysis is also performed for D = 8 dimensions. We obtain the scaling 
behavior of Fig. |3], and the critical Kg 



crit 



(4.7) 



Since the ACDH scenario in D = 8 dimensions predicts 



^ACDH = q 242 

8 33 



(4.8) 

8 within the improved ladder 



there is the possibility to construct viable models in D 
approximation. 

One may doubt the validity of the ladder approximation in this model. The size of 
nonladder corrections is estimated to be l%-20% in the analysis of four-dimensional 
walking technicolor [30]. We expect a similar size of nonladder corrections in the 
present model. On the other hand, the fixed point Eq. ( |4.fcj ) is smaller than the critical 
value Eq. ( |4.5| ) by more than 25%. Although it is extremely difficult to draw a definite 
conclusion from these numbers, it is likely that the ACDH scenario in D = 6 dimensions 
is still in the chiral symmetric phase even in beyond-the-ladder approximations. We 
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also note that the ladder results are qualitatively consistent with the naive dimensional 
analysis described in Section 2. The bulk QCD coupling is not so strong as to destroy 
the perturbative picture completely, anyway We thus expect that our results (Fig. 2 
and Fig. 3) will be unchanged qualitatively even beyond the ladder approximation. 



4.2 Analytical study 



The improved ladder SD equation can be investigated analytically by applying further 
approximations. The SD equation can be greatly simplified if the integral kernel K™ v 
is approximated by 



D/2 _ 1 6(x-y) + (x*^y). 



(4.9) 



The approximation Eq. (|4.9| ) can be justified in a wide range of the integral region 
(x 9^ y) in Eq. ( |3.16| ). We also note that the kernel Eq. ( |4.9| ) has scale invariance like 
the original kernel K™ p . 

Although the SD equation Eq. fl3.16| ) is still nonlinear even under this approxima- 
tion, we can overcome the difficulty by using the bifurcation technique |j3~T |, in which 
the mass function B in the denominator in the SD equation is eliminated and an in- 
frared cutoff M = B(M 2 ) is introduced instead. The bifurcation technique is justified 
when kd is close to its critical point. 

The SD equation Eq. ( |3.16| ) then leads to a linear equation 



B(x) — (D — 1) KD ! K [ dyy D l 2 - 2 B{y)knx,y) 

JM 2 

and a subsidiary condition 

M = B(M 2 ). 

The integral equation Eq. ( |4.10 ) is equivalent to a set of a differential equation 



d 



D d 



x 



dx 2 dx 
and boundary conditions 
d 



T^ + 1 T x— + (D-1)(D/2-1)k d 



B(x) 



0. 



(4.10) 
(4.11) 

(4.12) 



dx 



-Bx. 



--M 2 



d 




x- 2u 


B(x) 


dx 





(IR-BC) 
(UV-BC), 



x=A 2 



with uj being defined by 



1 (D 



10 



2 V 2 



(4.13) 
(4.14) 

(4.15) 
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It is easy to solve the differential equation Eq. ( |4.12| ). Combined with the subsidiary 
condition Eq. (|4.11| ) and the infrared boundary condition (IR-BC), we find 



B(x) 1 / x " 
M ~ 29 [ M 2 



for kd < i^D lt and 



x 



X 



V 



1 — Kd/ k c d > 
(4.16) 



B(x) 



x 



2iv \ M 



'1 + iiA 



x 



M 



'1 - iiA 



X 



M 



v 



\Jk d /k; 



for k d > k^, where we find the critical kd 



.crit 



ID 



8D 



crit i 
D L l 



(4.17) 



(4.18) 



Actually, the nonoscillating solution Eq. Q4.16 ) for kd < ^S 1 * does not satisfy the 
ultraviolet boundary condition (UV-BC). A nontrivial solution of Eq. (|4.10| ) exists 
only for > where the solution Eq. fl4.17|) starts oscillating. The critical «o 
Eq. ( |4 . 1 8| ) reads Kg nt = 1/10 and Kg nt = 3/28, which are slightly smaller than the 
numerical results in the previous section, Eq. fl4.5|) and Eq. ( f4.7|) . Noting the inequality 
of the integral kernels K™ p < K™ p , however, these results are consistent with each 
other. 

We next turn to the scaling behavior near the critical point. Equation ( |4 .17 ) can 
be rewritten as 



B(x) 



VT 



V 



X 



sm 



9 — ujv In ■ 



x 



M 



l + iu 



VT 



(4.19) 



Inserting Eq. (f4.19|) into the UV-BC Eq. (|4.14j) , we obtain 



A 2 

9 — uv In — 7T + tan v = mr, 
M 



(4.20) 



with n being a positive integer. It can be shown that the ground state corresponds to 
the zero-node (n = 1) solution P2| . Noting that 9 = tan -1 v ~ v for v <C 1, we thus 
obtain the scaling relation near the critical point, 



M oc A exp 



-7T 



(D/2-1)Jk d /k^-1 



(4.21) 



Thus we found that the scaling of the phase transition Eq. fl4.21|) is an essential 



singularity type, the "conformal phase transition" similar to the result of the 
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quenched ladder SD equation of four- dimensional QED pOfl . It is suggestive that, as 
we noted at the end of Section 3, these SD equations are both scale invariant. 

It is also worth pointing out that the essential singularity may be used to construct 
models with large hierarchy between the cutoff and the weak scale without introducing 
additional fine tuning. This important property of our analysis is contrasted with the 
NJL approach 0, where we need fine tuning of the NJL coupling strength with the 
(M/A) 2 level. (See Appendix B for details.) 

Near the critical point [y — > limit), Eq. ( [4.19 ) gives 



B(x) = M 



x 
W 2 



-0D/2-l)/2 



1 + 



1 (D 



2 V 2 



1 In 



x 

M 2 



(4.22) 



which is regarded as the asymptotic behavior of the solution of the SD equation 
Eq. flSTop . 



5 Anomalous dimension of the fermion mass 

We next consider generally the high-energy behavior of the dynamical mass when D^SB 
takes place, based on the OPE |33| . 

The OPE of the time-ordered fermion bilinear operator T[?/>(x)t/>(0)] is given by 

-i J d c ze^T[^ 

(5.1) 

with ci, c,^ being the Wilson coefficient functions, where a, b are for gauge indices and 
i,j are for spinor indices. 

It is straightforward to evaluate the Wilson coefficient function in the D-\= 
(4 + 5)-] -dimensional gauge theories at the tree level, 

, „ s {D - 1) C F g 2 1 

c^(q, g; n) = — - — ( 5 -2) 

where we adopted the Landau gauge. Comparing Eq. ( |5.1|) with the propagator of the 
fermion field 

_ iS(v) = 1 i_ + B ^p 2 ) +... (53 ) 

yP> A{-p 2 )0 - B{-p 2 ) ~ A{-p 2 )p 2 A 2 {-p 2 )p 2 ' y ' 

we find that the high-energy behavior of the dynamical fermion mass function B(—p 2 ) 
is given by 

B(-p 2 ) ^p 2 c^(p,g;fi)(ipij), (5.4) 

where we have assumed absence of wave-function renormalization of the fermion field, 
which is justified in the Landau gauge within the ladder approximation. 
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The solution of the RGE for is given by, 



d 
dt 



+ £ - lm (g) 



which is solved as 



■"if)tj} \ 



(e*p, g\ f) = c^ip, git); n) exp / dt [j m (g(t)) - D] 



(5.5) 



(5.6) 



with the running gauge coupling g(t): 

f(t) = 



-dt 



(5.7) 



-* + 1,Q 



NDA' 



-St 



For sufficiently large t, it is evident that limt_ +00 g(t) = g*. The high-energy behavior 
of the Wilson coefficient function therefore reads 



or 



c^(e*p, 9\ I*) oc e (7 - D)t , 7^ = 7 m (#*), 



^Jprg^)^{-P 2 ) h -~ D)/2 . 



(5.8) 
(5.9) 



The high-energy behavior of the mass function B in Eq. (|5.4j ) thus is given by 

B(-p 2 ) oc (-p 2 ) (7 ™ +2 ~ D)/2 . (5.10) 

The anomalous dimension at the fixed point 7^ can be extracted from the numerical 
solution of the SD equation. For this purpose we define the "power" of the mass 
function (u) 

u = JL-.!Lb(x). (5.11) 
B(x)dx K J K ' 

Figure ^ shows the "power" behaviors of the numerical solution of the SD equation 
in six dimensions for various "couplings." It can be seen that the "power" is almost 
constant in the asymptotic region B 2 {Mq) < x < A 2 as we expected from Eq. (|5.10 ). 
The behavior near the cutoff x ~ A 2 in Fig. 4 is an artifact [B3J] due to the sharp cutoff 
introduced in the analysis of the SD equation.^ This artifact disappears at the limit of 
A — > 00. Reading the "power" in the asymptotic region (u ~ —1), we obtain 



7 ^~2u; + ( J D-2)~2 
for the D = 6 bulk gauge theory at the critical point Kg rit . 



(5.12) 



Equation (4.14) leads to the relation of k 2 B'{k 2 )/B(k 2 ) = 1 - D/2. 
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10" 10 10" 9 10~ 8 10" 7 10~ 6 10" 5 10~ 4 10" 3 10~ 2 10" 1 10° 

x/A 2 

Figure 4: The "power" behavior of the mass function in six dimensions. The lines 
from left to right represent graphs for k 6 = 0.122,0.125,0.130,0.140 [or 5 2 (M 2 )/A 2 = 
4.1 x 10- 10 ,5.4 x 10 _7 ,6.9 x 10~ 5 ,2.2 x 10~ 3 ] with A 2 /M 2 = 10 10 . 



A similar analysis is also performed for D = 8. The corresponding "power" behavior 
is shown in Fig. [5]. The anomalous dimension is then 

7^ ~ 2uj + (D - 2) ~ 3, (5.13) 

for D = 8. 

The analytical result in the previous section Eq. (|4.22|) compared with Eq. (|5.10 ) 
yields 

l* m = y - 1, (5-14) 

which agrees with the above numerical result. 

It is remarkable that Eq. ( |5.14j ) is also consistent with the conformal phase tran- 



sitions for other dimensions D < 4: 7 m = l/2 for D = 3 agrees with the high-energy 



behavior |35[ and 7 m = 1 for D = 4 is the walking theory |2l| obtained from the lad- 
der SD equation with fixed coupling. They are obtained in different approximations: 
Namely, the result for three dimensions is obtained by running coupling with the IR 
fixed point and that for six/eight dimensions by running coupling with the UV fixed 
point, while the four-dimensional result is obtained by fixed coupling. However, the SD 
equations in all these cases happen to be quite similar because of the scale invariance 
at the fixed point. 

It should be emphasized that such a large anomalous dimension implies suppression 
of the flavor-changing-neutral-current problem in the dynamical electroweak symmetry 
breaking scenario as in walking technicolor |^TJ. The large 7 m observed in this section 
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10" 10 10" 9 10~ 8 10" 7 10~ 6 10" 5 10~ 4 10" 3 10~ 2 10" 1 10° 

x/A 2 

Figure 5: The "power" behavior of the mass function in eight dimensions. The lines 
from left to right represent graphs for k s = 0.146,0.147,0.150,0.160 [or B 2 (Mq)/A 2 = 
5.8 x 10~ 9 ,4.1 x 10- 7 ,6.8 x 10~ 5 ,6.8 x 10" 3 ] with A 2 /M 2 = 10 10 . 



is, therefore, good news for constructing phenomenologically viable models in this 
direction. 

Moreover, the corresponding asymptotic behavior of the mass function Eq. ( |4.22| ). 



B{p 2 E ) ~ M D l 2 {p 2 E )( l D / 2 )/ 2 , still yields strong convergence of the bulk decay constant 
F^ D \ which may be calculated through the PS formula [ffl: 

, F (D)\2 f d °PE B 2 ( P 



oc 



(2n) D [p 2 E + B 2 ( P 2 E )r 
M D ( dp E \. (5.15) 

J "Dtp 



This suggests that the dynamically induced bulk Yukawa coupling g Y = M/F^ can 
be made finite even in the "infinite cutoff limit" A — > oo.0 This is in contrast with 
perturbation theory where the gauge theory in D (> 4) dimensions is obviously non- 
renormalizable. This situation is similar to the renormalizability of the gauged NJL 



model 22 . 



6 Chiral fermion on the 3-brane 

We have investigated so far the possibility of D^SB in the bulk. Since a chiral fermion 
in the bulk (D > 4) has four or more components, it is nontrivial to obtain a four- 



5 This statement is of course rather formal in the sense that Ku in Eq. (3.17) is actually not an 
arbitrary adjustable parameter and hence cannot be fine tuned to k™*, kd t° make the 

dynamical mass M finite through Eq. ((Ol]) in that limit. 
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dimensional chiral fermion with two components as an effective theory. For such a 
purpose, we need to compactify the extra dimensions on an orbifold, in which unwanted 
components are projected out by its boundary conditions [[/J. In this section we describe 
a systematic procedure to find such orbifold compactifications. 

We start with the minimal case D = 6 for simplicity. The chiral projection operators 
in six dimensions are given by 



1 ± Taj 
2 

and the chiral fermions ip± obey 



r Air ErTTTTr, (6.1) 



v A ^± = ±tp ± . (6.2) 



Hereafter we argue only if) + , the chiral fermion with positive chirality in the bulk. It 
is easy to extend our arguments to the case of ip-- 

We next decompose the space-time coordinate into conventional and extra dimen- 
sions: 

x M = (x^y m ), ^ = 0,1,2,3, m = 5,6, (6.3) 
and assume a torus compactification, 

Mx, y\ y 6 ) = y 5 + 2irR, y 6 ) = ^ + (x, y 5 , y 6 + 2irR), (6.4) 

where the radii of the fifth and sixth dimensions are assumed to be the same (denoted 
by R) for simplicity. The chiral fermion in D = 6 is then decomposed into KK modes: 



k 5 ,k 6 



.hy + k Q y t 

% 

R 



(6.5) 



We next introduce the four- dimensional chirality matrix Ta,5 = ir°r 1 r 2 r 3 . It is 
easy to show several identities: 



[r^IVr] = 0, ^,5^,5 = 1, tr 



r 1 ± T ^ 

1 A,5 



0, (6.6) 



which indicate that r^ 5 and Taj are simultaneously diagonalizable, eigenvalues of 
Ta,5 are ±1, and the sum of eigenvalues of 1^,5 is zero for a chiral fermion in the 
six-dimensional bulk. It is therefore evident that the zero mode t/>+ in this torus com- 
pactification is vectorlike in its four-dimensional effective theory. We need to eliminate 
unwanted components of the fermion on the four-dimensional brane by imposing a 
certain orbifold symmetry. 

It should be noted, however, that the "parity" of extra dimensions does not suit 
our purpose, because it is explicitly violated in the chiral theory of the bulk.f] We then 

6 CP is also violated in the six-dimensional bulk, since charge conjugation does not flip chirality 
in D = 4k + 2 dimensions. 
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try to adopt rotation in the extra dimensions by the angle 7r:[] 



ip'(x,y 5 ,y 6 ) = exp 



1 ^56^ 
— Zj 7T 

2 



if>(x, -y 5 , -y 6 ) 



= iE m ^(x,-y 5 ,-y 6 ), (6.7) 

with E M7V being defined by 

E MN = ^[T M ,T N \. (6.8) 
There are two possible boundary conditions of this orbifold: 

il> + {x, y\ y 6 ) = (-l)"S 5 V+(x, -y 5 , -y G ), n = or 1, (6.9) 

which leads to the constraint for the zero mode fermion 

^oo( x ) = (-l)"S 5 V+(x). (6.10) 

Noting the identity S 56 = —T^sTaj, we can rewrite Eq. ( |6.10|) into the conditions of 
the chiral fermion on the four dimensional brane: 

r A5 <°(x) = (-i) n+1 <°(x). (6.ii) 

The chirality on the brane is determined by the choice of the boundary condition, n = 
or 1, in Eq. @ 

It should be emphasized here that our procedures described in this section do not 
depend on a particular choice of the representation of the Clifford algebra. We can 
easily generalize our arguments to an orbifold compactification from D = 2{k + 1) into 
D = 2k dimensions. By applying these procedures repeatedly, we are thus able to 
obtain orbifold compactification starting from a bulk chiral theory of D = 2k (k > 3) 
into a brane chiral theory with four dimensions. 



7 Effective gauge coupling 

Although the MS'-scheme has been widely adopted for running gauge coupling in the 
improved ladder approximation, it is worth investigating yet another choice, "effective" 
gauge coupling g e s, which is closely related to the gauge boson propagator and its 
momentum. For this purpose, we evaluate the one-loop gauge boson propagator in 
the truncated KK effective theory on the 3-brane, and derive a relation between the 
effective and the MS couplings. 

7 It is also possible to use ir/2 rotation to define an orbifold, which keeps chirality on the four- 
dimensional brane. 
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The effective gauge coupling g e g on the 3-brane is defined byQ 



—i 



9cS\1 ) 9o 



(7.1) 



with g being the bare gauge coupling, and the (four-dimensional) gauge boson prop- 
agators are given by 



—1 



g^u - (l 



Equation ( |7. 1| ) reads 



q 



g^u - (1 -£ C fr(g 2 ))-^r 



1 



1 



l% 2 ). 



(7.2) 
(7.3) 



gle(q 2 ) gl 

The vacuum polarization function II (q 2 ) can be decomposed into loops of each KK 
mode at the one-loop level: 



n(g 2 ) = £i% 2 ,^), 



\n\ 



R 2 



(7.4) 



In order to calculate the relation between the effective and the MS couplings, we 
next evaluate II(g 2 , m|) using dimensional regularization {d = 4 + e), 



I% 2 , m 2 ) = C G [AI g (q 2 , m 2 ) + (2 - D)I b (q 2 , m 2 ) 
where we used notations introduced in Section 2 and 

10 



2r]T R N f I f (q 2 ,m 2 ' 



(7.5) 



I a (q 2 ,m 2 ) 
h(q\m 2 ) 
I f {q\m 2 ) 



r(2- 


d/2) 


(4tt; 


d/2 


r(2- 


d/2) 


2(4vr 


\d/2 


T(2- 


d/2) 


(4tt; 


d/2 



m 2 — x(l — x)g 2 



d/2-2 







/ \2 2 / \ 2 2 

dx(2x — 1) m — x(l — a;)g 







1 T 2 n] d/2-2 

axx(l — x) m — x(l — x)g 



The counterterm for the MS coupling]] in the truncated KK effective theory is given 
by 

x l mn>»_ ^ ^ m ^T(2-d/2) , 



ghsiv) gl 



E n(g 2 = 0,rr4)+ £ 



(4tt 



, d/2 



(7.6) 



8 We use the background gauge-fixing method throughout this section. The Ward-Takahashi 
identities of non-Abelian gauge theory are QED-like and keep manifest gauge invariance in this gauge 
fixing. 

9 Strictly speaking, Eq. (7.6) is evaluated in the modified dimensional reduction scheme J36[. 
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where the term X^" >M n(g 2 = 0,m|) comes from the loop of KK modes heavier than 
the renormalization scale //. This term is independent of \x and therefore does not affect 
the RGE for the gauge coupling, in accordance with the decoupling theorem that is 
assumed in the truncated KK effective theory. 
Taking the d — > 4 limit we now obtain 



1 



1 



where II > and II < are given by 



E n>(g 



2 2 \ 



£ n <(e 2 > m «;/ i )» 



(7.7) 



-Cg / dx 
Jo 



4+ — — (2z- l) 2 



In 1 2 :E (-'- — :E ) 

\ m 



+2r]T R N f f 1 dxx(l -x)\n(l- ^x(l - x)\ 
Jo \ m ) 



(7.8) 



(47r) i n < (g 2 ,m 2 ; / i) 



Cg I dx 



9 — n 
4+^— ^(2x-l) 2 



In 



m 2 — q 2 x(l — x) 



I'- 



+2rjT R N f f 1 dxxil - x) In 
Jo 



m — q x(l — x) 

. 7 



(7.9) 



Note here that the \i dependence in the right-hand side of Eq. ( |7.7|) cancels exactly. 
We also introduce a dimensionless effective gauge coupling of the bulk gauge theory 
defined in a similar manner to Eq. Q2.2|) . 



-2 / 2\ 
9eS{(l 



(2nRj-q 



n 



(7.10) 



Using approximations described in Appendix O, we find 



1 



A 



1 



9 2 s (a 2 ) 



9- 



■-C G + —T R N f 
5 15 \ 



In 



A 2 



(7.11) 



for the bulk gauge theory in D = 6 dimensions. Here A is given by 
A = exp 



C G [-%-^{2-D)\ + h - V T R N f 



-b' 



(7.12) 



In the analysis of the SD equation based on g eff , we adopt the effective coupling 
gl s Eq. (|7.11| ) [instead of gj^ in Eq. ( |2.14| )1 in the formula for the improved ladder 
approximation Eq. (|3.15|) . 

Several comments are in order. 
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Figure 6: The graph of the dimensionless gauge coupling with Cq = 3, N* = 



R~ 



1 TeV, A = 10 TeV, 



a- 



MS 



f 

(Mz) = 0.1. The solid line and the dashed line 



represent the MS coupling and the effective coupling of Eq. ( |7.11| ), respectively. 



a) The decoupling theorem is violated in the effective coupling Eq. ( |7.11| ), since it 
depends explicitly on the ultraviolet cutoff A. This result comes from the nonrenor- 
malizability of the six-dimensional bulk gauge theory. 

b) The effective coupling is larger than the MS coupling by approximately a factor 
of A -1 . (See also Fig. [].) If we adopt g c s instead of gjj^ in the improved ladder 
approximation, there is a chance that the bulk QCD coupling even in six dimensions 
can be strong enough to cause D%SB in the bulk under certain conditions. 

c) There still exists an upper bound on g C R similar to the nontrivial UV fixed point, 
which is roughly proportional to the UV fixed point in the MS scheme. (See Appendix 
for a detailed discussion.) It is therefore still a nontrivial question whether D^SB 
occurs or not in the bulk gauge theories even if we adopt g e s in the improved ladder 
SD equation. 

d) We can define an analogue of the "/3 function" for "bare coupling" g\ = g c ff (<? 2 = 
—A 2 ). (See Appendix |C[) The upper bound of g e s can be regarded as an UV fixed 
point of such a u /3 function" and therefore independent of the choice of the cutoff scale 
A. 

In fact the finite renormalization effect is the largest uncertainty of our analysis 
based on the improved ladder SD equation, compared with other uncertainties such as 
the nonladder effects, higher-order corrections, etc. A detailed analysis of the improved 
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ladder SD equation with g e g will be presented elsewhere [p7[ . 



8 Summary and discussions 

We have studied dynamical issues of the ACDH version of the TMSM 0, g |, § 
within the framework of the improved ladder SD equation. Based on the truncated 
KK effective theory [JT7], we found that .D-dimensional non-Abelian gauge theories with 
compactified extra dimensions possess a nontrivial UV fixed point. We then evaluated 
the UV fixed point by using the one-loop RGE, assuming its nonperturbative existence. 
Although the SM couplings in the D-dimensional bulk generally become strong beyond 
the compactification scale, the (dimensionless) bulk coupling cannot grow beyond the 
UV fixed point and hence it is highly nontrivial whether or not D^SB really takes 
place. 

For the simplest scenario of ACDH with the massless gauge bosons and third fam- 
ily quarks and leptons living in the .D- dimensional bulk and the rest in the four- 
dimensional brane (3-brane), we have the UV fixed points Eqs. 



k 6 = 0.091, k 8 = 0.242 (8.1) 

for bulk dimensions of six and eight, respectively. 

On the other hand, the improved ladder SD equation in D (> 4) dimensions yields 



the critical points in six/eight dimensions as Eqs. ( |4.5|) ,( 

/^ rit = 0.122, 4 rit = 0.146. (8.2) 

These results are qualitatively consistent with a naive dimensional analysis. The ACDH 
scenario thus can work for D = 8 but not for D = 6 if we take the results Eq. (8.1) 
and Eq. (8.2) at face value. It should be emphasized, however, that our analysis is 
based on the ladder approximation. We would certainly need further investigation to 
incorporate non-ladder effects in order to evaluate the critical value more accurately. 

We also discussed some subtlety about the "improved" ladder SD equation by 
replacing the MS running coupling by the effective coupling including the finite renor- 
malization effects. This makes attractive forces somewhat larger than in MS coupling, 
so that the condensate can occur more easily. In the case of the ACDH scenario, top 
condensation may be possible due to effects of finite renormalization even in six dimen- 
sions, since the coupling has a chance to increase over the critical point for sufficiently 
large cutoff. 

However, if the cutoff is too large, then the U(l) coupling dominates the QCD 
coupling so that the MAC favors other channels (tau lepton condensate) than the top 
quark condensate. We then obtain some conditions for the "effective (phenomenolog- 
ical) cutoff" (A) where the bulk QCD and hypercharge couplings are aligned in the 
MAC in such a way that only the top quark condenses while others (bottom, etc.) do 
not. Another constraint comes from the top quark mass which is related to the decay 
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constant in D dimensions through the PS formula, Eq. ( |5.15| ). Thus it is related 
to the weak scale F w = 246 GeV as 

= (2^ (F ( D))2 _ (83) 
n 



These matters will be dealt with in a forthcoming paper []37 . 

The salient feature of the improved ladder SD equation in D (> 4) dimensions is 
its approximate scale invariance. The reason is the followings. The bulk dimensionful 
coupling can be written as the dimensionless coupling multiplied by a factor having 
dimensions carried by the renormalization point fi [see Eq. ( |2.11| )], which is then traded 
for the momentum in the running coupling in the improved ladder SD equation, and 
moreover the running coupling quickly increases up to the UV fixed point. Hence the 
SD equation can be well approximated by the coupling at the fixed point. Then the 
resulting SD equation Eq. (|3.16|) has no scale parameters except for the cutoff. 

This is the very reason why we obtained the essential-singularity scaling of the 
conformal phase transition, Eq. ( |4.21| ), with the analytical result for the critical point 
Eq. CT ) 

<' = 8^iy (8 - 4) 

which was derived through certain approximations and is consistent with the numerical 
result above. 

The essential-singularity scaling gives us the possibility to have a large hierarchy 
between the weak scale and the cutoff without fine tuning. Here we note that k,d is 
not an arbitrary parameter but a definite number once the model is set up. We should 
therefore note that it is impossible to take the cutoff infinitely large. 

In a realistic model based on the ACDH scenario, however, the bulk gauge coupling 
of QCD is determined through matching with the QCD on the 3-brane at the compact- 
ification scale i? -1 . The bulk coupling grows at high energy toward the UV fixed point 
and can exceed the critical coupling only for a certain cutoff ("critical cutoff"). When 
we tune the cutoff very close to the critical one, the SD equation yields a very small 
dynamical mass compared with the cutoff. We are thus able to determine the value 
of the cutoff, which enables us to evaluate the low-energy predictions of the ACDH 
scenario (e.g., m t and m H ) more accurately. 

Moreover, we had a very large anomalous dimension Eq. ( |5.14j ): 

1m = y - 1, (8.5) 

which happens to coincide with the cases for D < 4, i.e., the quenched ladder SD 
equation (with nonrunning or walking/standing coupling) for D = 4 {^f m = 1) and also 
with the improved ladder SD equation for D = 3 QED {p/ m = 1/2) where the running 
coupling has an infrared fixed point. In all the cases including D < 4, the SD equation 
has scale invariance at the fixed point. 
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A Angular integrals in the ladder SD equations 



The momentum integrals of the SD equations Eq. (|3.5| ) and Eq. ( |3.6|) can be decom- 
posed into polar and angular integrals, 

/ J^f F ^^PE-q E ) = C D £ dyy ' 2 - 1 £ d9fa D - 2 0F(x,y,y/xy<x>ae), (A.1) 

with x = p 2 E , y = q%, and Co defined by Co = ^nda/-B(1/2, D/2 — 1/2). In order to 
evaluate the angular integral dd, we define the integral 



I(p,v,p; z) = 



- ,„ sm 2u+1 9cos p 9 
d9 



, z — COS I 



\fl+U+l ' 



(A.2) 



It is easy to see that the angular integrals in Eq. ( |3.5|) and Eq. ( |3.6|) can be expressed 
in terms of /(/x, u, 0; z) and J(/i, u, 1; z) with z = (x + y) / {2^/xy) . We obtain |25| 

° F &n f A2 J p/2-i A (v) 
-Co I dyy 



A{x) 



1 + 



x 



\D-l-£ r ,Z D D 3 , D D 1 J /A , 



Using the relation 



J(/i, i/,l;z) 



1 



d9 



2v + 2Jo (z -cos 9 f +u+1 d9 



sin 2 ^ 2 9 



2v + 2 



Eq. (|A.3|) can be further simplified: 
iD-2 n - 2 



(A.4) 



I(fJ.,v + 1,0; z), 
(A.5) 



= 1 + 



2£>- 



1 x io Ay + ijz 



D D 1 
2~' 2" ~ 2 



0;z). (A.6) 
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It should be noted that A(x) = 1 holds for arbitrary dimensions in the Landau gauge 

The integral /(//, u, 0; z) was given for certain integer dimensions in Ref. |25| and 
now is expressed in terms of the hypergeometric function F(a, (3, 7; z) for arbitrary D: 

J(/i, v, 0; z) = y —^F(fi + u + l,p + -,u+-; 5~ 2 ), (A.7) 

z^T(i/+^) 2 2 

with 

r - max(x, y) minfx, y) . . 

z = z + Vz 2 - 1 = 5~ 2 = V^T- ( A - 8 ) 

max(i, !/) 



We thus obtain the integral kernel Ka, 

K A (x, y) = z~ 2 F(2, 2 - D/2, D/2 + 1; z~ 2 ), (A.9) 
and the integral kernel K B p8| , 

tf B (o;, y) = ) -F(l, 2 - D/2, D/2; r 2 ). (A.10) 

max(£, y) 

Using the Taylor expansion of the hypergeometric function 

F(a, (3, r ,z) = £ ; 7 TP (<*)t = a(a+l)(a + 2)---(a+£-l), 



we obtain 



k^v) - 1 ^ i ~^' (e : 1) + (A.11) 



(5/2 + 3)^ Vx 

JG,(s,y) = -E ,c7.f( 2 ot f-V^-^ + ^^y) (A. 12) 



for even dimensions D = 4 + 5 > 4 



B The NJL model in D (> 4) dimensions 

We consider the Nambu-Jona-Lasinio (NJL) modelQin D(> 4) dimensions, 

C = $iT M d M iP + ^(W) 2 . (B.l) 

10 In order to avoid the complexity associated with the definition of continuous chiral symmetry in 
D dimensions, we discuss in this Appendix the NJL model that has only discrete chiral symmetry (it 
may be called the "Gross-Neveu" model.) 
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The gap equation is obtained from the self-consistency condition for the dynamical 
mass m. In the large N limit, we find 



(4 7 r) Z) / 2 r( J D/2) Jo A V Pi + m ' 



5 



2 + m z / A z 

where 77 (= 2 D / 2 ) represents the dimension of the spinor representation of SO(l,D — 
1). The dimensionless NJL coupling g is defined by g = (4n)~ D / 2 r]GA D ~ 2 /T(D /2). 
Expanding the integrand of Eq. ( p.2| ) in terms of m/A, we obtain 

1 _ 1 1 m 2 

# ~ D/2-1 ~ D/2-2 A 2 + '"' 

The scaling behavior of the NJL model in D (> 4) dimensions is then given by 

11 2 m 2 



g crit g D - 4 A 2 



g crit = D/2-1. (B.3) 



In order to obtain hierarchy between m and A, we thus need a fine tuning of the NJL 
coupling strength at the precision of the (m/A) 2 level irrespectively of D for D > 4. 
The situation contrasts with the NJL model in dimensions less than four where the 
NJL coupling needs to be close to its critical point at the precision of (m/A) D ~ 2 . 



C Approximate formulas for g e g 

Equation ( |7.7| ) can be further simplified by making several approximations. We first 
concentrate our attention on U < . This term depends on the renormalization scale \i 
and therefore it can be minimized by taking an optimized choice of fi. We assume that 
the appropriate /i 2 is proportional to — q 2 : 

^ = -M\ (ci) 

with A being a constant which we will determine below. Since the mass of the KK mode 
rrifi is always lighter than the renormalization scale /1 in Il < , we can safely neglect 
in the following analysis. It is straightforward to evaluate n<, 



(4 7 r) 2 n < (g 2 ,0;/z= J-\ q i)=G 



'G 



+ 5(2-0 



l V T R N f -b'ln\. (C.2) 
y 



This term vanishes if we take the optimized value of A: 



Caf-S-^-D^+lrfiTjuN, 
lnA = ^ 2 —1 9 _ (a3) 
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We next turn to il>. The KK mass is always heavier than the renormalization scale \i 
in this term, while /i is proportional to q 2 in the previous optimization procedure. We 
therefore expand n> in terms of the powers of —q 2 /m 2 t . We find 



(4 7 r) 2 n > (g 2 ,m 2 ) = -C G 



2 2 — D 

3 + 60 



-q 



m 



V 

+ -hT R N f 



-q 



15 \ m 2 



O 



-q 



m 



The sum of the KK modes can be approximated by replacing it with an integral: 



n k>» i 27 r s/2 



5-1 



which leads to 



2 2\ 



(4vr) 2 n 



~C G + ^-T R N f 
5 15 



A 2 

(-g 2 )ln- 
H 



(C.4) 
(C.5) 

(C.6) 



for D = 4 + 5, 5 = 2. Combining Eqs. flC.3j ), ( |C6| ) and ( 730 ), it is now easy to obtain 
Eq. ( |7. 1 1|) . The validity of Eq. (|7. 1 1|) can be confirmed also numerically. (See Fig.^.) 
It should be noted that the approximation of Eq. ( |U.4j ) is not justified for A 1, 
however. In order to obtain the upper bound of g e s including such a possibility, we 
next evaluate the effective coupling without use of the approximations of Eq. (|C.2|) and 
Eq. ( |U.4] ). Using the approximation Eq. ( |C.5| ), we obtain a formula for the effective 
gauge coupling strength in six dimensions: 



V 



9 2 cS (q 2 ) 



+ 



with 



K g (q\A 2 ) 
K b (q 2 ,A 2 ) 
K f (q 2 ,A 2 ) 



4C G ^ 
-2C G 



(47T) 3 

/ 5 



K g (q 2 ,A 2 ) + K b (q 2 ,A 2 ) + K f (q 2 ,A 2 ' 



(C.7) 



1 A 2 
+ - In 



A 2 



18 6 (-q 2 ) (-q 2 ) 



K 9 (q 2 ,A 2 ) 
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— In 



A 2 



+ 



A 2 



450 30 (-q 2 ) (-q 2 ) 



-K h 



- 2 A 2 



-2r]T R N f 



47 1 , A 2 A 2 ~ . 2 a2n 
+ — In + ^-^Kfiq 2 , A 2 " 



900 30 



-q- 



-q 2 ) 



The functions K g , K b , Kf are defined by 



K 9 (q 2 ,A 2 ^ 



dxf(q 2 ,A 2 ,x 



K b (q 2 ,A 2 ) = / dx(2x-lYf(q 2 ,A 2 ,x) J 
Jo 

K f (q 2 ,A 2 ) = f 1 dxx(l-x)f(q 2 ,A 2 ,x), 
Jo 
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Figure 7: Graphs of the dimensionless gauge couplings. The solid line and the dashed 
line represent the effective coupling of Eq. ( |C7|) and Eq. ( 7.11 ), respectively. We also 
plot with the white triangles the coupling directly calculated from the definition of 
Eq. ( |7.7| ) without using approximation Eq. ( |C.5| ). In this graph, we took Cg = 3, 
Nf = 0, R- 1 = 3 TeV, A = 6 TeV. 



with 



f(q 2 ,A 2 ,x) = (l-x(l-x)^)ln 1 - -Wl - x 



A 2 ' 



A 



The integrals can be performed easily and we obtain (in the Euclidean region q 2 < 0) 

2 \ 3/2 / a 2 \ 1/2 



K g (q 2 ,A 2 ) 
K b {q\A 2 ) 
K f (q 2 ,A 2 ) 



3 18 A 2 3 I A 2 J 



A J 



tanh 1 



-Q 



\ 4A 2 -g 2 ' 



16 A 2 _ 28 31 q 2 1 / , 
15 If ~ 45 + 450 A 2 + 15 V ~ A 2 



2 \ 5/2 / A 2 \ 3/2 



tanh 1 



\ 4A 2 -g 2 ' 



4 A 2 8 47 q 2 
15^ ~ 45 + 900 A 2 



1 

15 



-a 



+ 

2\ 3/2 



1 



A 



2 \ 3/2 



A^ 



tanh 1 



\ 4A 2 -g 2 ' 
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It is evident that g e s reaches its maximum at q 2 = —A 2 . (See Fig. |7|.) We obtain 

k . e u-a\ a 2 ) = c a ( -| + ^ ^-i _L] _ ^ (C . 8) 



i=g,b,f 



Equation (|C.7| ) thus leads to an upper bound on g e s, 



g 2 eS (q 2 ) < ^ for < -q 2 < A 2 , (C.9) 



where we have assumed that the MS coupling is below its UV fixed point, 

9 2 Ms<9l = ^l- (CIO) 



It should be emphasized that Eq. (|C.8|) is independent of the cutoff A and thus the 
upper bound Eq. ( |C.9| ) can be adopted for arbitrary A. In order to clarify the point, 
it is illuminating to define g\ by 

gi = g 2 cS (q 2 = -A 2 ). (C.ll) 

The coupling g^ can be regarded as a "bare parameter" of the present model. An 
analogue of the u /3 function" for g\ is then given by 

p{§a) = A JK^ A = §a ~ J§?& (c - 12) 

The upper limit (Att) 3 /K is thus given by the UV fixed point of the 11 f3 function" 
Eq- CT). 

Numerically we obtain K ~ 1.63C*g — 0.71Tf>Nf. For large —b' or large Cq, we thus 
find that the upper bound is roughly proportional to the UV fixed point in the MS 
scheme, 
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